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1. Introduction
We deﬁne the p-norm and the p-order of a polynomial and of a homology lens space as follows. Let f (t) be a polynomial,
and ζp a primitive pth root of unity. The p-norm of f (t), denoted by | f (t)|p , is the absolute value of the norm of f (ζp)
relative to the extension Q(ζp) over Q. The p-order of f (t), denoted by ‖ f (t)‖p , is the absolute value of the product∏p
i=1 f (ζ
i
p). Note that every homology lens space is obtained by Dehn surgery along a knot in a homology 3-sphere (see
[3, Lemma 2.1]). Let M = Σ(K ; p/q) be the result of p/q-surgery along a knot K in a homology 3-sphere Σ . The p-norm
of M , denoted by |M|p , is the p-norm of the Alexander polynomial ΔK (t) of K . The p-order of M , denoted by ‖M‖p , is
the p-order of the Alexander polynomial ΔK (t) of K , which is the order of the ﬁrst homology group of the p-fold cyclic
branched covering space of Σ over K . They are invariants of the homology lens space M . Their invariance is proved by
using the Reidemeister torsion (see Lemma 2.6). The author has already used these concepts in [10,11]. If M has the same
Reidemeister torsion as a lens space, then the p-order of M is one (see Lemma 2.7 and [10]). This is a basic fact for our
study.
Throughout this paper, ζd denotes a primitive dth root of unity, H1(X) denotes the ﬁrst homology group of X with
integer coeﬃcients, and the operation in H1(X) is written multiplicatively unless otherwise stated. We also use the following
notations:
• Let A and B be elements of Q(ζd). Then A .= B means an equality of A and B up to multiplication of ±ζmd (m ∈ Z).• Let α be an element of Q(ζd). Then Nd(α) denotes the norm of α relative to the extension Q(ζd) over Q.
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In Section 2, we prove well-deﬁnedness of the p-norm and the p-order of a homology lens space. In Section 3, we
compute the p-norm of the cyclotomic polynomials (Lemma 3.4). In Section 4, by using the result in Section 3, we give
a condition for the p-order of a homology lens space obtained by Dehn surgery along an iterated torus knot to be one
(Theorem 4.4). As an application, we characterize when the result of Dehn surgery along an iterated torus knot without
simple cables has the same Reidemeister torsion as a lens space (Theorem 4.5). By comparing with Gordon’s result [8]
which is the characterization of an iterated torus knot yielding a lens space, we know that there are inﬁnitely many iterated
torus knots yielding 3-manifolds of lens type which are not lens spaces.
For Alexander polynomial and Dehn surgery, see [9–13,15,16,21,22]. For number theoretical techniques, see [2,20,32].
2. Preliminaries
In this section, we prepare some basic deﬁnitions and results, and deﬁne the p-norm and the p-order of a homology lens
space.
2.1. Norm and order of polynomials
Let f (t) be a polynomial over Z. Then we deﬁne the p-norm and the p-order of f (t), denoted by | f (t)|p , and ‖ f (t)‖p
respectively, by
∣∣ f (t)∣∣p = ∣∣Np( f (ζp))∣∣=
∣∣∣∣ ∏
i∈(Z/pZ)×
f
(
ζ ip
)∣∣∣∣,
and
∥∥ f (t)∥∥p =
∣∣∣∣∣
p∏
i=1
f
(
ζ ip
)∣∣∣∣∣.
We note that both | f (t)|p and ‖ f (t)‖p are invariants determined by f (t) and p, and that they are integers because f (ζp)
is an algebraic integer, and∥∥ f (t)∥∥p =∏
d|p
∣∣ f (t)∣∣d.
From this, ‖ f (t)‖p = 1 if and only if | f (t)|d = 1 for any divisor d of p.
For example, we proved the following in [10], although it is not explicitly stated, and is not used in the present paper.
Theorem 2.1. Let n be a non-zero integer, Δn(t) = t + n(t − 1)2 a polynomial of t, and  a prime number. Then |Δn(t)| = 1 if and
only if n = 1 and  5.
2.2. Surgery formula of the Reidemeister torsion
For the deﬁnition of the Reidemeister torsion, see [4,18,24,27–30]. Notations are following our previous paper [10]. Our
basic tool is the surgery formula of the Reidemeister torsion.
In this subsection, we assume the following: Let M be a homology lens space whose ﬁrst homology group H1(M) is
isomorphic to Z/pZ (p  2), and t a generator of H1(M). Let d ( 2) be a divisor of p, and ψd :Z[H1(M)] → Q(ζd) a
ring homomorphism such that ψd(t) = ζd . Then the Reidemeister torsion of M associated to ψd denoted by τψd (M) is
determined up to multiplication of ±ζmd (m ∈ Z).
Theorem 2.2. (See Turaev [27–30], Sakai [25].) Let K be a knot in a homology 3-sphere Σ , ΔK (t) the Alexander polynomial of K , and
M = Σ(K ; p/q), where p  2 and q = 0. Then the Reidemeister torsion of M, τψd (M), associated to ψd is
τψd (M)
.= ΔK (ζd)
(
ζd − 1
)−1(
ζ
q¯
d − 1
)−1
.
The following is a special case of Theorem 2.2 due to K. Reidemeister [24], which induces the topological classiﬁcation
of 3-dimensional lens spaces.
Theorem 2.3. (See Reidemeister [24], Franz [6].) Let L(p,q) be the lens space of type (p,q). Then the Reidemeister torsion of L(p,q),
τψd (L(p,q)), associated to ψd is
τψd
(
L(p,q)
) .= (ζd − 1)−1(ζ q¯d − 1)−1.
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A homology lens space M is of lens type if its Reidemeister torsion τψd (M) has the form (ζ id − 1)−1(ζ jd − 1)−1 up to
multiplication of ±ζm (m ∈ Z) for every d where i and j are coprime to p, and do not depend on d. In particular, a
homology lens space M is of (p,q)-lens type if i¯ j ≡ ±q or ±q¯ (mod p). It is clear that the lens space L(p,q) is of (p,q)-lens
type. If a homology lens space of (p,q)-lens type is a lens space, then it is homeomorphic to L(p,±q) or L(p,±q¯) by
Theorem 2.3 and Franz’s lemma [6] below (Theorem 2.4 or Corollary 2.5).
Franz’s lemma is useful when we detect whether a 3-manifold is of lens type or not.
Theorem 2.4. (See Franz [6].) Let {ai (i ∈ (Z/pZ)×)} be the set of integers satisfying the following conditions:
(1) a−i = ai,
(2)
∑
i∈(Z/pZ)×
ai = 0,
(3)
∏
i∈(Z/pZ)×
(
ζ ip − 1
)ai = 1.
Then we have ai = 0 for all i ∈ (Z/pZ)× .
We use Franz’s lemma in the following form.
Corollary 2.5. Let ai and bi (i = 1, . . . ,n) be elements of (Z/pZ)×/{±1}. If the following equation holds,
n∏
i=1
(
ζ
ai
p − 1
) .= n∏
i=1
(
ζ
bi
p − 1
)
,
then we have ai = bσ(i) ∈ (Z/pZ)×/ {±1} for a suitable permutation σ of {1,2, . . . ,n}.
2.4. Norm and order of homology lens spaces
We deﬁne the d-norm and the d-order of a homology lens space M = Σ(K ; p/q), denoted by |M|d and ‖M‖d respectively,
by
|M|d =
∣∣ΔK (t)∣∣d and ‖M‖d = ∥∥ΔK (t)∥∥d
where d is a divisor of p.
The following lemma means our deﬁnitions of the d-norm and the d-order are well deﬁned.
Lemma 2.6. Let K and K ′ be knots in homology 3-spheres Σ and Σ ′ , respectively such that Σ(K ; p/q) is homeomorphic to
Σ ′(K ′; p/q′) where p  2 and qq′ = 0. Then we have∣∣ΔK (t)∣∣d = ∣∣ΔK ′ (t)∣∣d for any divisor d of p,
and ∥∥ΔK (t)∥∥d = ∥∥ΔK ′ (t)∥∥d.
Proof. We set M = Σ(K ; p/q) = Σ ′(K ′; p/q′). Let d ( 2) be a divisor of p, t and t′ the generators H1(M) represented by
the meridians of K and K ′ , and ζd = ψd(t) and ζ ′d = ψd(t′) primitive dth root of unities, respectively, where ψd is the same
as in Section 2.2. By Theorem 2.2, we have
τψd (M) = ΔK (ζd)(ζd − 1)−1
(
ζ
q¯
d − 1
)−1 = ΔK ′(ζ ′d)(ζ ′d − 1)−1(ζ ′ q¯′d − 1)−1.
Since
Nd(ζd − 1) = Nd
(
ζ
q¯
d − 1
)= Nd(ζ ′d − 1)= Nd(ζ ′ q¯′d − 1) = 0,
we have∣∣ΔK (t)∣∣d = ∣∣ΔK ′ (t)∣∣d.
Since ∥∥ΔK (t)∥∥d =∏
′
∣∣ΔK (t)∣∣d′ and ∥∥ΔK ′ (t)∥∥d =∏
′
∣∣ΔK ′ (t)∣∣d′ ,
d |d d |d
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We note that both |M|d and ‖M‖d are integers because ΔK (ζd) is an algebraic integer, and |M|1 = ‖M‖1 = 1. From them,
‖M‖p = 1 if and only if |M|d = 1 for any divisor d of p.
By Lemma 1.1 in [10], we have the following.
Lemma 2.7. Let K be a knot in a homology 3-sphere Σ . If the p/q-surgery M = Σ(K ; p/q) is of lens type for p  2 and q = 0, then
we have ‖M‖p = 1.
Remark 2.8. The converse of Lemma 2.7 is not true. For the case that K is the (r, s)-torus knot in S3 where 2 r < s and
gcd(r, s) = 1, we give two examples.
(1) Let K be the (2,3)-torus knot in S3 (i.e., the trefoil), and M = S3(K ;11). Then the Reidemeister torsion τψ11(M) of
M is
τψ11 (M)
.= (ζ 611 − 1)(ζ11 − 1)−1(ζ 211 − 1)−1(ζ 311 − 1)−1.
Hence we have ‖M‖11 = 1, and M has not the same Reidemeister torsion as a lens space by Franz’s lemma. See also the
claim in Section 4.
(2) Let K be the (3,5)-torus knot in S3, and M = S3(K ;8). Then the Reidemeister torsion τψ8 (M) of M is
τψ8 (M)
.= (ζ 38 − 1)−2.
Hence we have ‖M‖8 = 1, and M is of (8,1)-lens type. However M is not a lens space by L. Moser’s result [19] (|8−1 ·3 ·5| =
7 = 1). See also [10] and Theorem 4.1.
For the case of iterated torus knots, see Example 4.8.
Remark 2.9. For a knot K in a homology 3-sphere Σ , let Σp(K ) be the p-fold cyclic branched covering space over K . For a
set X , |X | is the number of elements of X if X is a ﬁnite set, and |X | = 0 if X is an inﬁnite set.
Porti [23] extended the results due to Fox [5] and Mayberry–Murasugi [17] about the order of the ﬁrst homology of an
abelian branched covering over a link in S3 to the case of a link in a homology 3-sphere by using the Reidemeister torsion.
A special case of the fact is described as follows:∥∥Σ(K ; p/q)∥∥p = ∣∣H1(Σp(K ))∣∣
as noted in Section 1.
F. González Acuña and H. Short [7] pointed out that if the result of p/q-surgery along a knot K in S3 is a lens space,
then Σp(K ) is an integral homology 3-sphere. This means ‖L(p,q)‖p = 1 in our notation.
Remark 2.10. We use the surgery formula to calculate the Reidemeister torsions. Koda [14] discusses about the Reidemeister
torsion which is calculated by Heegaard splittings.
3. Norm of cyclotomic polynomials
We list some properties on cyclotomic polynomials, and calculate the p-norm of them by using the properties.
Let ϕ(n) be the Euler function, and μ(n) the Möbius function. Then
Φn(x) =
∏
i∈(Z/nZ)×
(
x− ζ in
)
(3.1)
is the nth cyclotomic polynomial. It is an irreducible monic symmetric polynomial over Z with degree ϕ(n). It is also ex-
pressed as
Φn(x) =
∏
d|n
(
x
n
d − 1)μ(d). (3.2)
For example, let  be a prime number. Then we have
Φ(x) = x
 − 1
x− 1 = x
−1 + x−2 + · · · + x+ 1. (3.3)
The following properties of Φn(x) will be used later. We can obtain them by using (3.1)–(3.3). Since proofs are standard, we
omit the details (see, for example, [20, Chapter 5]).
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(1) xϕ(n)Φn
(
x−1
)=Φn(x),
(2) xn − 1 =
∏
d|n
Φd(x),
(3) Φn(1) =
{0 (n = 1),
p (n = pr, p: prime),
1 (otherwise).
(4) Let n = pr11 · · · prmm (m 1) be the prime factorization of n, where p1, . . . , pm are distinct prime numbers. Then we have
Φn(x) =Φ p1···pm
(
xp
r1−1
1 ···prm−1m ).
(5) Let p1, . . . , pm (m 2) be distinct prime numbers. Then we have
Φ p1···pm (x) =
Φ p2···pm (xp1 )
Φ p2···pm (x)
.
(6) Let p1, . . . , pm (m 2) be distinct prime numbers. Then we have
Φ p1···pm (x) =
xp1···pm − 1
xp2···pm − 1 ·
∏
e|p2···pm
e =p2···pm
1
Φ p1e(x)
= x
p1···pm − 1
xp2···pm − 1 ·
∏
e|p2···pm
e =p2···pm
Φe(x)
Φe(xp1 )
.
Proof. We only give a proof of (6).
(6) By (2), we have
xp1···pm − 1 =
∏
d|p1···pm
Φd(x)
and
xp2···pm − 1 =
∏
e|p2···pm
Φe(x).
Hence we have
xp1···pm − 1
xp2···pm − 1 =
∏
e|p2···pm
Φ p1e(x) =Φ p1···pm (x) ·
∏
e|p2···pm
e =p2···pm
Φ p1e(x).
This implies the equality of the ﬁrst term and the second term. By (5), we have the equality of the second term and the
third term. 
In the following proposition, ζk implies “one of” primitive kth roots of unity. For example, ζk = exp(2π
√−1/k).
Proposition 3.2. Let n = pr11 · · · prmm be the prime factorization of n, where p1, . . . , pm are distinct. If m = 0, then n = 1. Let p =
ps11 · · · psmm be a divisor of n. We set I = {1,2, . . . ,m}, I ′ = {i ∈ I | si = ri}, n′ =
∏
i∈I pi and p′ =
∏
i∈I ′ pi . If I = ∅ (resp. I ′ = ∅), then
n′ = 1 (resp. p′ = 1).
(1) Φn(ζn) = 0 (i.e. I = I ′).
(2) If I ′ = ∅, then Φn(ζp) =Φn′ (ζp′ ).
(3) If I ′ = ∅, then
Φn(ζp) =
{
p1 (m = 1),
1 (m 2).
Proof. (1) Φn(ζn) = 0 is clear.
(2) By Proposition 3.1(4),
Φn(ζp) =Φ p1···pm
(
ζ
p
r1−1
1 ···prm−1m
p
)=Φ p1···pm (ζp′ ) =Φn′ (ζp′ ).
(3) By Proposition 3.1(3) and (4),
Φn(ζp) =Φ p1···pm (1) =
{
p1 (m = 1),
1 (m 2). 
We prepare a lemma about the norm.
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(if m = 1, then p = 1). Then we have |Φ p1···pm (t)|p = 1.
(2) (reciprocal law) |Φn(t)|p = |Φ p(t)|n.
Proof. (1) By Proposition 3.1(5), we have
Φ p1···pm (ζp) =
Φ p2···pm (ζ
p1
p )
Φ p2···pm (ζp)
.
Since p = p2 · · · pm , the denominator is not zero. Since gcd(p, p1) = 1, ζ p1p is also a primitive pth root of unity, and hence
we have the result.
(2) Since
∣∣Φn(t)∣∣p =
∣∣∣∣ ∏
j∈(Z/pZ)×, i∈(Z/nZ)×
(
ζ
j
p − ζ in
)∣∣∣∣= ∣∣Φ p(t)∣∣n,
we have the result. 
We also assume the situation as in Proposition 3.2. Let m′ be the cardinal number of I ′ . Since the case of m = 1, and
m′ ∈ {0,m} is ﬁnished by Proposition 3.2, we assume that
(1) p  2,
(2) m 2, and
(3) m′ /∈ {0,m},
and set I ′ = {2,3, . . . ,m′ + 1}.
Lemma 3.4. In the situation above,
(1) The case of m = 2 and m′ = 1.
Φn(ζp) = p1
Φ p1 (ζp2 )
and
∣∣Φn(t)∣∣p = pϕ(p)1 .
(2) The case of m 3 and 1m′ m − 1.
(i) m′ = 1
Φn(ζp) = 1
Φ p1p3···pm (ζp2 )
and
∣∣Φn(t)∣∣p = 1.
(ii) 2m′ m − 2 (m 4)
Φn(ζp) =
Φ p2···pm (ζ
p1
p2···pm′+1 )
Φ p2···pm (ζp2···pm′+1 )
and
∣∣Φn(t)∣∣p = 1.
(iii) m′ =m − 1
Φn(ζp) = p1
Ψ (ζp2···pm )
and
∣∣Φn(t)∣∣p = pϕ(p)1 ,
where
Ψ (t) =
∏
e|p2···pm
e =p2···pm
Φ p1e(t) =
∏
e|p2···pm
e =p2···pm
Φe(t p1 )
Φe(t)
.
Proof. (1) By Proposition 3.2(3), (4) and (5), we have
Φn(ζp) =Φ p1p2 (ζp2 ) =
Φ p1(ζ
p2
p2 )
Φ p1 (ζp2 )
= p1
Φ p1 (ζp2 )
.
By Lemma 3.3(1), we have |Φn(t)|p = pψ(p)1 .
(2) (i) and (ii) By Proposition 3.2(4), (5) and Lemma 3.3(1), we have the result.
(iii) By Proposition 3.2(6) and Lemma 3.3(1), we have the result. 
Remark 3.5. By combining Propositions 3.1(4) and 3.2, Lemmas 3.3 and 3.4, we can obtain every norm of any cyclotomic
polynomial. However we use only Lemma 3.4(1) in Section 4.
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Let Δr,s(t) be the Alexander polynomial of an (r, s)-torus knot.
Δr,s(t) = (t
rs − 1)(t − 1)
(tr − 1)(ts − 1) . (4.1)
In [10], we showed the following.
Theorem 4.1. Let K be a knot in a homology 3-sphere Σ with ΔK (t) = Δr,s(t), and M = Σ(K ; p/q), where p, r, s  2 and q = 0.
Then M is of lens type if and only if the following (1) and (2) hold.
(1) gcd(p, r) = 1 and gcd(p, s) = 1,
(2) r ≡ ±1 (mod p) or s ≡ ±1 (mod p) or qrs ≡ ±1 (mod p).
By using the results in Section 3, we prove the following claim which is proved implicitly in [10].
Claim. Under the same situation as Theorem 4.1, ‖M‖p = 1 holds if and only if gcd(p, r) = 1 and gcd(p, s) = 1 hold.
Proof. By (4.1), it is easily seen that
Δr,s(t) =
∏
d=d1d2
d1|r,d2|s,d12,d22
Φd(t).
If gcd(p, r) 2, then there is a prime number  which is a divisor of gcd(p, r). We take a prime divisor ′ (= ) of s, and
set d = ′ . Then we have∣∣Φd(t)∣∣ = ′−1  2
by Lemma 3.4(1). Hence ‖M‖p = ‖Δr,s(t)‖p = 1. Conversely, if gcd(p, r) = 1 and gcd(p, s) = 1 hold, then we have ‖M‖p = 1
by Proposition 3.2(3). 
Let K be a knot in a homology 3-sphere Σ , l a preferred longitude of K , and m a meridian of K , where l and m are
suitably oriented, and they are on the boundary ∂N(K ) of a regular neighborhood N(K ) of K . Then the (r, s)-cable of K
denoted by Kr,s is a knot on ∂N(K ) such that it represents an element r[l] + s[m] in H1(∂N(K )), where gcd(r, s) = 1, s = 0
and (|r|, |s|) = (1,1). If |s| = 1, then we say that Kr,s is a simple cable. Let K = K1 be the (r, s)-torus knot in S3 (|r|, |s| 2),
and Ki (i  2) the (ri, si)-cable of Ki−1, where we set r = r1 and s = s1. Then we say Kn an (n-th) iterated torus knot, and
denote it by K ((ri, si)i=1,...,n) or K ((r1, s1), . . . , (rn, sn)). If |si| = 1 for all i = 2, . . . ,n, then we say that Kn is an iterated torus
knot without simple cables.
To state our main theorems, we need the following lemmas.
Lemma 4.2. (See Seifert [26].) Let K be a knot in a homology 3-sphere Σ , and Kr,s the (r, s)-cable of K . Then
ΔKr,s (t) = Δr,s(t)ΔK
(
tr
)
.
Lemma 4.3. Let K be a knot in a homology 3-sphere Σ , Kr,s the (r, s)-cable of K , M = Σ(K ; p/q) and Mr,s = Σ(Kr,s; p/q′) with
p  2 and qq′ = 0. Then ‖Mr,s‖p = 1 if and only if
(1) gcd(p, r) = gcd(p, s) = 1 and ‖M‖p = 1, or
(2) |s| = 1 and ‖M‖d = 1 for d = p/gcd(p, r).
Proof. Let ζp be a primitive pth root of unity. Then ζ rp is a primitive dth root of unity. Therefore we have the result by
combining the claim above and Lemma 4.2. 
The following two theorems generalize Main Theorem 1 in [10] (Theorem 4.1). For an iterated torus knot K ((ri, si)i=1,...,n),
we set wi =∏nj=i+1 r j (i = 0,1, . . . ,n−1), wn = 1, di = p/gcd(p,wi), and I = {i ∈ {1, . . . ,n} | |si | = 1}. We note that dn = p
holds in any case, and I = {1, . . . ,n} if and only if Kn is an iterated torus knot without simple cables.
Theorem 4.4. Let K be a knot in a homology 3-sphere Σ such that its Alexander polynomial is the same as an iterated torus knot
Kn = K ((ri, si)i=1,...,n). Then ‖Σ(K ; p/q)‖p = 1 holds if and only if gcd(di, ri) = gcd(di, si) = 1 for all i ∈ I . In particular, if Kn is an
iterated torus knot without simple cables, then ‖Σ(K ; p/q)‖p = 1 holds if and only if gcd(p, ri) = gcd(p, si) = 1 for all i = 1, . . . ,n.
1706 T. Kadokami / Topology and its Applications 155 (2008) 1699–1707Proof. By Lemma 4.2, the Alexander polynomial of Kn is
ΔKn (t) =
n∏
i=1
Δri ,si
(
twi
)
,
where Δri ,si (t) equals to 1 if |si | = 1. Then ‖Σ(K ; p/q)‖p = 1 holds if and only if gcd(di, ri) = gcd(di, si) = 1 for all i ∈ I by
Lemma 4.3.
If Kn is an iterated torus knot without simple cables, then dn = p, gcd(p, ri) = gcd(p, si) = 1 and ‖ΔKn−1 (t)‖p = 1 by
Lemma 4.3. We obtain that gcd(p, ri) = gcd(p, si) = 1 for all i = 1, . . . ,n inductively. 
Theorem 4.5. In the same situation as Theorem 4.4, and we assume that Kn is an iterated torus knot without simple cables. Then the
followings hold.
(1) We set ai = siwi−1 (i = 1, . . . ,n), b0 = w0 , bi = siwi (i = 1, . . . ,n), bn+1 = q¯, A = {ai | i = 1, . . . ,n} and B = {bi | i =
0, . . . ,n + 1}. Then Σ(K ; p/q) is of lens type if and only if gcd(p, ri) = gcd(p, si) = 1 for all i ∈ 1, . . . ,n, and there exists a
permutation σ of {0,1, . . . ,n + 1} such that ai = bσ(i) in (Z/pZ)×/{±1}.
(2) We set k = bσ(0) and l = bσ(n+1) in (Z/pZ)×/{±1}. Then qkl ≡ ±1 (mod p) and Σ(K ; p/q) is of (p,±qk2)-lens type.
Proof. We assume Σ(K ; p/q) is of lens type. By Lemma 2.7 and Theorem 4.4, we have ‖Σ(K ; p/q)‖p = 1 and gcd(p, ri) =
gcd(p, si) = 1 for all i = 1, . . . ,n. Then we have
τψp
(
Σ(K ; p/q))= ΔKn (ζp)(ζp − 1)−1(ζ q¯p − 1)−1 .= (ζ kp − 1)−1(ζ lp − 1)−1.
It is equivalent to
n∏
i=1
(
ζ
ai
p − 1
)(
ζ kp − 1
)(
ζ lp − 1
) .= n+1∏
i=0
(
ζ
bi
p − 1
)
.
By Corollary 2.5, we have the results (1) and (2). 
Gordon [8] determined the result of Dehn surgery along an iterated torus knot. This is a generalization of a result due to
Moser [19] in the case of torus knots.
Theorem 4.6. (See Gordon [8].) Let Kn (n  2) be an nth iterated torus knot in S3 denoted by K ((ri, si)i=1,...,n). Then S3(Kn; p) is a
lens space if and only if n = 2, p = 4r1s1±1, and (r2, s2) = (2,2r1s1±1). In this case, S3(K2;4r1s1±1) = L(p,±4r21) = L(p,±4s21).
Remark 4.7. (1) In Theorem 4.6, w0 = 2r1,w1 = 2,w2 = 1, and A = {2r1s1, 4r1s1 ± 2} = {2r1s1 ± 1,1} and B =
{2r1,2s1,2r1s1 ± 1,1}. Then we can conﬁrm that there exists a permutation σ of B satisfying the condition in Theorem 4.5.
Hence our situation includes Gordon’s situation.
(2) Bleiler and Litherland [1], and Wu [33] showed that if a satellite knot in S3 yields a lens space, then it is an iterated
torus knot, and hence it is of the form in Theorem 4.6.
Example 4.8. We can make inﬁnitely many non-homeomorphic 3-manifolds of (p,q)-lens type which are the results of
surgery along iterated torus knots.
Let K2 = K ((r1, s1), (r2, s2)) be an iterated torus knot. For p  2, we take s1 ≡ s2 ≡ 1 (mod p), where |s1| = 1 and
|s2| = 1. Then K2 has no simple cable, and M = (K2; p/q) is of (p,q)-lens type by Theorem 4.5. Since the Casson–Walker
invariant [31] of M is calculated from Conway’s a2-term, a2(K2), of K2, and the Dedekind sum s(q, p), the results of surgery
along K2 can be distinguished by a2(K2) if p and q are ﬁxed. By Lemma 4.2, we have
a2(K2) = (r
2
1 − 1)(s21 − 1)r22
24
+ (r
2
2 − 1)(s22 − 1)
24
.
Therefore there are inﬁnitely many non-homeomorphic 3-manifolds of this type. We can also make such examples for the
case n = 2.
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